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Inlets for Waveriders Derived from
Elliptic-Cone Stream Surfaces

Hamdi T. Hemdan* and Martin C. Jischket
University of Oklahoma, Norman, Oklahoma

The stream surfaces of the hypersonic flow of a gas past an elliptic cone are found in this paper and used to
design blended inlets for waveriders. By perturbing the basic circular cone flow and stream surfaces for small
values of ¢, where e is a measure of the eccentricity of the elliptic cone, the stream surfaces of the elliptic-cone
flow are found in closed form. Two arbitrary functions appear in the equation of the stream surface. By suitably
choosing those functions, inlet shape can be controlled. Thus smooth, blended, symmetric designs are possible.
The rate of mass flow through the inlet is found in closed form, and the effect of the various parameters on the
shape of the inlet and the rate of mass flow is found and discussed in detail.

Nomenclature
A, =Dbase area bounded by elliptic cone and shock
é,,65,6, =unit vectors in spherical polar coordinates
K, =hypersonic similarity parameter = M,
m =rate of mass flow through inlet
r,0,¢ =spherical polar coordinates

U,V,W =spherical velocity-component perturbations
associated with elliptic cone

Ug,Ug =radial and polar velocity component of the basic
circular cone
vV, =velocity normal to cone axis

n
Va,M, =freestream velocity and Mach number
=angle of attack
=circular-cone shock semivertex angle
=ratio of specific heats
=semivertex angle of basic circular cone
=gsmall parameter for cross-sectional eccentricity,
Eq. (1)
= elliptic-cone shock eccentricity factor
=constant< 1, Eq. (45)
=density ratio for basic shock, Eq. (3e)
=density
PoosPs =density in the freestream and immediately behind
the shock wave
® = function of ¢
o* = ¢ coordinate of the line of intersection of the inlet
and the cone
v = differential operator
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I. Introduction

HE design of supersonic lifting bodies that produce max-

imum aerodynamic performance has received increasing
attention over the past few years. This is due to the need for
high-performance missiles and aircraft. Kuchemann' gives a
detailed discussion of modern hypersonic aircraft needs and
their design problems. Kuchemann recommends the use of
stream surfaces of known flowfields as solid surfaces in a
lifting-body configuration as a suitable method for providing
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the desired high performance. Normally the leading edges of
such lifting-body configurations are sharp, yielding attached
shock waves at leading edges. Lifting bodies designed this way
are known as caret wings or waveriders.

Recently, Rasmussen?? has proposed new waverider con-
figurations derived from the flowfield past right elliptic cones
at zero angle of attack and the flowfield past right circular
cones at small angles of attack. Rasmussen’s design of the
waverider was attractive in the sense that it gave conical
waveriders with smooth surface and sharp leading edges, and
when experiments* were made on small models of his pro-
posed waveriders, the elliptic-cone-derived waverider showed
a high lift-to-drag ratio over a wide range of angles of attack.
The shock wave formed below the lower surface was attached
all along the leading edge for a wide range of the parameters.

The purpose of this work is to design inlets that can be at-
tached to the waveriders derived by Rasmussen.?? In princi-
ple, the analysis given here can be used for both the elliptic-
cone and circular-cone waveriders derived by Rasmussen.
However, this paper will be concerned with inlets for
waveriders derived from elliptic cones at zero angle of attack
only. Following the underlying principle used in the design of
the waverider itself, we also take the solid surface of the inlet
as a stream surface of the flowfield of the cone. This is consis-
tent with the design of the waverider and should lead to high
lift-to-drag configurations. That the inlet surface will be taken
as a stream surface will not by itself assure a good design. The
inlet surface needs to be smooth, with no sharp corners,} and
symmetrically connected to the lower surface of the waverider.
At the line (or curve) of intersection of the inlet with the
waverider surface, the connection needs to be smooth, with
the cone surface and the inlet surface having the same slope or
slopes very close to each other. This helps minimize adverse
heating effects. Inlets designed this way are known as blended
inlets.

As a starting point, the flow past elliptic cones at zero angle
of attack needs to be known. In this paper we shall be con-
cerned with hypersonic flow only. The waverider analysis
given in Refs. 2 and 3 is based on solutions given by Lee and
Rasmussen® for hypersonic flow past right elliptic cones. In
their work, following previous work,5® Lee and Rasmussen
sought the solution past the elliptic cone as a small perturba-
tion of the known right-circular-cone flow. They then
followed this straightforward perturbation solution with a fur-
ther approximation that is valid for slender bodies in hyper-

+Such sharp corners may arise if the inlet surface was made of two
(or more) stream surfaces intersecting at an angle.
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sonic flow. This approximation consists of expanding the per-
turbation equations in powers of a small parameter §, which
characterizes the slenderness of the body, and neglecting
second-order timers in 8. The method gave simple closed-form
results, which showed good agreement with experiment and
other theories. However, this perturbtion solution was not
uniformly valid in all the variables, and a thin vortical layer
adjacent to the cone surface was present. In this vortical layer,
entropy increases rapidly, making the straightforward pertur-
bation solution singular at the cone surface. However, the
simplicity of the method and the closed-form results obtained
from it make it useful and very helpful, especially for
preliminary design purposes, with which we are concerned in
the present work.

It is important to recognize that the advantage of Lee and
Rasmussen’s theory—namely, that the results are obtained ex-
plicitly in closed form—was retained in Rasmussen’s analysis
of the waverider and in the present work. As we shall see later,
it is possible to solve for the inlet surface shapes and for the
associated mass flow rate in closed form.

In Sec. I1, the stream surfaces of hypersonic flow past right
elliptic cones at zero angle of attack will be found and then
used to design blended inlets in Sec. III. The rate of mass flow
through those inlets is found in Sec. IV. The paper ends with
some concluding remarks and suggestions for future work.

I1. Stream Surfaces of Hypersonic Flow
Past Elliptic Cones

Following the approach used to develop the waverider con-
figuration, the inlet will be constructed from the stream sur-
faces of the ellitpic-cone flowfield. While the waverider was
constructed using the conical stream surfaces that pass
through the vertex of the cone, the inlet surface should not
necessarily also be conical. It need only be a smooth sym-
metrical surface with no corners and blend smoothly into the
cone surface.

Consider the hypersonic flow of a gas past a right elliptic
cone of small eccentricity at zero angle of attack. The velocity
components u(0,¢), v(6,¢) and w(6,¢) in spherical polar
coordinates have been assumed in Ref. 5 in the form

u(6,4) =1y (0) +¢ cos2pU(0) +... (1a)
v(3,¢) =05 (0) +¢ cOs20V(0) +... (1b)

3

p and the pressure p have also been found in Ref. 5, but they
are not of interest in the present work. In the above represen-
tations, e is a small parameter that characterizes the deviation
of the elliptic-cone solution from that of a circular cone. The
functions u,y(0), U(8), ve(8), V(0), and W(8), giving the
approximate velocity components, will obviously be needed in
this work. From Ref. 5 (Egs. 5.2a, 5.2b, and 5.7-5.9), we get

Uy (Y =V, [1+0(6?)] (2a)
82
U0(0)=—0<1~—0§—> Ve (2b)
X X’
U= 0(26) +TB3(062—)(94—134)

+1f[/02—52(5 52>+ g2
27N g2 \6 342 2637 — 52

.6 B 6 g 8
X(COS 1'F—COS 1)'0—‘1"'6—07‘}"3'0—2‘—1 (2C)
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where
B jy+l 1
T_a— 3 +M?,°52 (3a)
fi=—2gV.B(1-£)? (3b)
X(B)=gV.B(1~&) (30)
X’ =gV, B -1)— +1)] 3d
(8) (7+1)g Bl (v—1)—&(v+1) (3d)
52
£o=1'—'BT (3e)
11 [3 cos~1(1/0)
N 60° -1
+m(06+02)+3a4—02—5] 30

Now, let the equation of a stream surface be given by
F(r,0,¢)=0 @)
For F=0 to be a streamsurface, F must satisfy the condition
V.-VF=0 3)

where the velocity vector V is given by

V=ué, +vé,+wé,

and é,, é,, and é, are unit vectors in the r, 6, and ¢ directions,
respectively. V is the vector operator

J . 1 9 s 1 9 :
r 30 " rsing 3¢ °
Writing Eq. (5) in detail gives

oF

oF oF
inf— + v sinf— + w——=0 6
ur sin o + v sind 2 "2 ©)

which is a first-order linear partial differential equation for
the function F and can be solved by the well-known theory of
characteristics. In particular, a streamline is given by the
simultaneous equations

dr_rd@_rsin&dq&
u v w

™
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Let us now introduce the approximations made in Ref. 5 in the
equation of the stream surface; i.e., assume that F(r,6,¢) can
be expanded in the form

F(r:0)¢)=e"r~f(0»¢)_6g(0)¢)+0(62)=0 (8)

where f(8,¢) and g(6,¢) are unknown functions to be found.
That the flowfield is conical is included in the above equation
by taking the first term on the right-hand side as fwr instead of
r. We substitute the series expansion Eq. (8) and Eqgs. (1) into
Eq. (4) and equate like powers of ¢ to get the following two
partial differential equations for the determination of the
functions f, g:

of
Uo(o)w—l (93.)
3 3 W0 3
vo(o)a—‘z:cosw[U(o)—V(o) aj(; ]— ; ) sin2¢ ai
(%)

In the preceding equations, it is seen that ¢ appears as a
parameter rather than a variable; thus, the equations can be
solved as ordinary differential equations and their solutions
can be readily found as

., k(¢)
f(@@-%——w (10a)
k' ()
k(¢)

g(0,9) =cos2¢G(8) — sin2¢ H(0)+h(¢) (10b)

where k(¢) and h(¢) are arbitrary functions and G(8) and
H(6) are given by

_ U(o) V(0)
G(O)—S (vo(e) Ty (6) )(w (11a)

W(6)

H(e)zg 8v, (0)

de (11b)

The stream surface can thus be written in the form

_p k(o) [ K@) ]
W—-ﬁnm-*'é cos26G(9) 51n2¢—k—($-)—H(0)+h(q>)

(12)

Equation (12) gives the most general nonconical stream sur-
face. The nonconicity results from the presence of r in the
equation. The simplest steam surface results from the choice
of k(¢) and h(¢) as

k(¢)=1, h(¢)=0
This gives the surface
£V 6% — 8% — € c0s26G(0) =0 (13)

Having found the nonconical stream surfaces, we proceed
to find the conical ones. First, we mention that the conical
stream surfaces have been found? using the equations of the
streamline [Eq. (7)]. They can also be found through the
present procedure by assuming that the function F(r,0,¢) is
independent of r. Thus, let

F(r,0,¢)=F,(0,9)
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and, for the function F, (6,¢), assume the series expansion

tang

F,(0,¢)=bn —2eH(8)+0(e2) =0 (14)
tang

s

where ¢, is a constant and H(8) is an unknown function to be
determined. Now, substitute Eq. (12) into Eq. (5) and retain
the lowest-order terms in e to get

W

Comparing Eqs. (15) and (11b), we find that H=FH(0). The
result given by Egs. (14) and (15) for the conical stream sur-
face is the same as that found by solving the streamline
equations.?

Once the functions G(9) and H(#) are found, both families
of stream surfaces i.e., the conical and the nonconical stream
surfaces, become known. The function H(8) is found approx-
imately? by replacing the function W (8) by a simple two-term
approximating function [see Eq. (17)]. We shall use the result
of Ref. 2 because of its simplicity, although an exact evalua-
tion of H(8) could be made as is done in evaluating the func-
tion F(#) next. Comparing Eq. (14) with Eq. (5-5) in Ref. 2,
we find that

3 1. 6-6, 1. 0+6, 1 9
=k b — kylu - _
Ay ==kt 5 Ry~ (it kol
(16)
where
0.=8—ecos2¢, 0f=B—elcos2¢
1 W) 1 [ (o+ DW(8) —=20W(B)
ky= e fy= ———
6 Voo o (U_I)Voo
9, GW(0,)— W (8
woy=a+ep 4=V~
8 o—1
5 — (s
po IV =WEIT o o) an

i—1

Equation (16) may also be written

H0)=Y2k 0 (0—0,) + V2kybn (0+0,.) — V2 (k| + k)b (18)

Equation (16) is to be used for the conical stream surfaces,
i.c., in Eq. (14), while Eq. (18) is the be used for the non-
conical stream surfaces [Eq. (12)]. The difference between
the two equations is that the constant of integration is set
equal to zero in Eq. (18).

We now proceed to find the function G(8). From Egs.
(2b-d), the order of magnitude of the functions U(8), v, (0)
and V(6) can be found to be

U()=0(0), V() =0(1), uv,(8)=0(8)

Using those orders of magnitude in Eq. (11a), we get

U(o) V(8) < 12>
7

=0(1), ————=0
@) D

v (6)
i.e., the function V/v} is two orders of magnitude larger than
the function U/v,. Therefore, the effect of U/v, on G(6) can
be neglected completely, and we can write

V(6)
v3(0)

6=~ | (19)
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In order to be able to evaluate the integral defining G(8) in a
closed form, the function V'(#) needs to be written in a more
convenient form by making the following substitutions. Let

by =-2X(B), b= XZ,K;B)
b= O
b7=cos“~§-, by = ——‘?—%2— (20)

Equation (2d) for V(8) then becomes

1
V(0) = (b, +by+f bg) B—3+ (b,
NC=rey

1
+f1b6b7)9+'6—f1b4 0

NG

+fi b4bs“—03‘—

&
—f1bg0 cos™ 1—0——

Further, write

By =by+b;+f1bg, B,=b,+/f1bsb;

1
Bsz—6—f1b4a By=f1b4bs, Bs=—fibs
(21

Finally, V(8) takes the simple form

B Ny
V(6) =—é3—'+B20+B3——0—

02_52

-1 6
——=——+ B0 cos '

+B
g

and G(6) can be written as

B, B,6° B9
G(0)=S (62— 62)2 + (2 —57)2 + (02— 5232

3 cog—!
B, B cos 6/0]d0 @2)

+ 0(02 — 52)3/2 (02 _ 52)2

All the integrals in the right-hand side of Eq. (22) can be found
in closed form. The final result is

_Bl[ 1 1,8 ]
=l e

Bz[ —

-2 2 _ 52
+2 (02_62)-}-%(0 6)]

B, Bs [ ! + ! cos ! ]
Noer-ot &2 LVer-82 b 6
1 1
+Bs )0 | (tany) -5 cosec?y - cotny — by

3
Ul 7 5}
—_ 23
+9 9 250" (23)
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where 9 =cos~!(8/6). In evaluating the last integral in Eq.
(22), it was assumed that cos~! (8/6) is small and the integral
was found as an infinite series in 5, of which only the first four
terms are retained and other higher-order terms were
neglected. Those terms retained are the last four terms in Eq.
(23). The assumption that % is small is justified, since n=0 at
cone surface and its largest value at shock wave is always small
for hypersonic flow. For example, when y=1.4 and
M_6=1.0, we get from Eq. (3a) 3/6=1.48; thus n=0.83, and
when y=1.4, and M_6=3, 3/6=1.145, and 5 =0.51.

Again, it is necessary to write Eq. (23) in its simplest form in
order to be able to continue the process of solving in closed
form. Thus, let us introduce the notations

B, B,
Ay= == ——10Bs/2
B, 6B;
b= h
B, Bs B
A.= —
3T T T
Thus, we get
A A
G(0) = —152 + \/02162 + A8 (62~ 6%)

+ A 4nb/5* — Bspbnd — Byn /5>
+ Bs (n —nan —n3/9 — Ty /450) (24)

Having found the functions G(8) and H(8), both of the con-
ical and the nonconical stream surfaces are known; we are in a
position to choose a suitable surface to make the solid bound-
ary of the inlet. This is considered in the following section.

III. Blended Inlets

In this section we use the stream surfaces found in the
previous section to design a blended inlet. The basic require-
ment is that the surface be smooth and symmetric with respect
to the plane ¢ =0. Corners must be avoided because of their
potential for adverse heating effects. Also desirable is a
smooth connection between the inlet and the cone. The slopes
of the inlet surface and the cone surface need to be equal or
close to each other at the curve of connection. This helps
minimize adverse heating effects. As mentioned before, inlets
having the same slope as the cone at the curve of intersection
are known as blended inlets.

By squaring both sides of Eq. (12) and rearranging terms,
the general stream surface may be written as

k2 () +2ek () [k(P)h(¢) — sin2¢k’ (¢)H (6)]
=72 (62— 56%)[1—2¢e cos2¢G ()] 25
We assume that the inlet surface can be made of one of the
above surfaces. To find the cross section of the inlet with any
plane z=const =£,, where 0<¢, </, and {is the total length of
the cone, we make the substitutions
r={f cosd={f and 8=%(¢)
in Eq. (25). Thus, we get
k? () +2ek> (¢p)h(d) —2e sin2¢k (d) k" () H[ ()]
=8[3%(¢)—8%]1{1—-2ec0s2¢G[P(4)]]} (26)
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The unknown in Eq. (26) is the function ®(¢), which gives the
cross section of the inlet with the plane z=const=¢,. The
functions k(¢) and h(¢) are arbitrary and need to be chosen
such that ®(¢) is a smooth, symmetric function having, if
possible, the same slope as the cone surface at the points of in-
tersection with the cone. It is to be noticed that Eq. (26) is a
functional equation for ®(¢) whose solution in closed form
does not seem to be possible. However, consistent with the
perturbation approach used here, we assume that $(¢) can be
expanded in powers of ¢ in the form

& () =0,— € cos2¢ 8, +0(e?) @7

where 6,(¢) and 0, (¢) are unknown functions to be deter-
mined. Substituting Eq. (27) into Eq. (26) and equating like
powers of ¢, we obtain 0, (¢) and 8, (¢) as

2
00<¢>>=«/62+k—g‘;’“1 28)

1

1 1
—_— Y 2
6,= 50 () { @ sec2¢ k*(P)h ()

1
+ tan2pk’ ($)V03 () —82H [0, ($)]
1

——[03(¢)—62]G[00(¢)]} 29)

Once the functions k(¢) and 4(¢) are chosen, 6,(¢) and
6, (¢) become known. Beside the continuity and smoothness,
the function k (¢) needs to satisfy the following requirements:

1) It is an even function, i.e., k(¢) =k(—¢). This assures
the symmetry of the inlet with respect to the plane ¢=0.

2) It is equal to zero for a certain value of ¢, say ¢*, such
that 0< ¢* < «. This assures the intersection between the inlet
and the cone.

When k(¢) is chosen such that the above conditions are
satisfied, then we get from Eq. (28):

By (9*)=6 (30

From Eq. (18) and (23), it can be seen that the functions
G[0,(¢)] and H[8,(¢)] are singular at ¢=¢*. However,
each of [0}(¢)—5821G[0,(9)] and [(0F(¢)—621"
X H[6,(¢)] is a regular function for all values of ¢. Their
limits as ¢—¢* exist and can be found as follows

lim [03(9)—821G[0,(¢)] = lim (—A,)
69" » ¢—o"

B, B, ~
= 2512 + i 31

The right-hand side of Eq. (31) is a function of v, 6, M,$6,
which appears to be quite involved [see Egs. (20), (21), and
(3)]. However, by using a computer to calculate its value for
different values of v, M, and M _ 3, it was found that it is ex-
actly equal to — 6 always. Thus, we may write

d,liff; [03(8) —6°1G[6,(0)] =~ (32

Similarly, the limit of the other function can be found to be
lim V03 (¢) —82 H[8($)] = lim VO3i(d) —8% tn[6,(¢) —6]
b bo—¢*

RGO
1m

- A N 33
oo+ [05(9)—8°] " G
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Using k£ (¢*)=0 and the above results in Eq. (29), we find that
0, (o) =1 (34

and Egs. (27) and (30) show that
P(p*)=0—r¢€cos2p* (35)

Since the right-hand side of Eq. (35) is the same as 6, at ¢ =¢*
we deduce that

®(¢")=0.(¢%) (36)

i.e., the inlet intersects the cone surface at ¢ =¢* (also at
¢ = —¢*). Since z={, can be any cross section of the inlet, we
see that the inlet intersects the cone in the lines ¢ =¢* and
¢=—¢* on cone surface. The angle ¢*—fixing the width of
the inlet—depends on the function k(¢), which is still ar-
bitrary and will be chosen later in this section.

We now proceed to fix the slope of the inlet at ¢ =¢*. The
functions k(¢) and A (¢) will be chosen such that the inlet
blends into the cone. First, the function H(6) given by Eq.
(16) may be written as

H(0)="Y2k ba(0—8)+ Yokt (04+8) — Va(k, + k)8 (37)

It is already seen that each of the functions [83(¢) —82]% X
H([0,(¢)] and (03 —5*)G[6,(®)] appearing in the definition
of the function 6, (¢) is regular for all values of ¢. Therefore,
the function 6, (¢) [see Eq. (29)] will be regular for any
regular choice of A(¢). However, in order to make both 8, (¢)
and df,/d¢ regular at ¢ =¢*, we choose h(¢$) such that

k(®)h($) [ k(¢) ]
sin2¢k’ (¢) | ~25 TG (38)

where C; is a constant to be fixed later. The above choice of
h(¢) does not affect the previous results for the points of in-
tersection of the inlet with the cone and will give the required
smooth connection with the inlet as we shall see next.

In order to be able to differentiate Eq. (29) and find d6, /dé¢,
we need to make the following calculations. First, write Eq.
(29) in the form

£26,(4)0, (¢) =tan2¢ k(o) {H[eo (6]

LMD ]
sin2é k' ($) 2102(d)—621G[6,(0)] (39)

If C, is chosen as

Cy=—Ya(k, + k)b + Vak,0a28
then the function

k(d)h (o)

on the right-hand side of Eq. (39) will become

B0 (¢)
o

k(o)h 1
H[0,(¢)] — (&)h () ‘_—2—(k1+k2)ﬂn

sin2pk’ (¢)

-6
ERPYUIGL N L 200 100(0) =]

— 40
26 2 k2 (o) “0)
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and when ¢—¢* the above equation gives

. k($)h(¢) ) ¢
s {roncon - () e

Now we differentiate Eq. (39) with respect to ¢ in order to
find the slope of the inlet at ¢ =¢*. We take each of the two
terms on the right-hand side and differentiate it separately as
follows:

k(¢)h(4) })

d
d—¢<tan2¢k(¢)k (¢) {H[Bo(fb)] T Sinaek’ ()

k(o)h(d) }[tan2¢k,2(¢)

_ {H[Go(cb)] T Sn2ek ().

+2 sec?2¢k (¢)k’ (¢) +tan2dk (d)k” ()]

do k’
+tan2ék ($)k’ (4) {H’ (00 () ]—@“——kl—k%}

When ¢ =¢* we get

k($)h(¢) })

d ’
—(tan2¢k(¢>)k (¢){H[9o(¢)] T Sin2ek (9).

do
¢
=k, tan2¢*k’? (¢*)en<e—>
1

The derivative of the second term can be found by differen-
tiating it term by term and setting ¢ =¢*. The process is
lengthy and involved and therefore the details will be omitted.
It suffices to give the final result as

d
d_(b{—zmgm)—allc[ao(m]}

=20k’ (¢*)(2A4, — 6B;)

B 6B
=10k’ (¢*) [2(——621—33 —TS> —535]

2 1
= 1/z€1k' (™) <—? 1b4b5 _Tf1b4+26flb6>

o 21,8 J
= /2171]( (¢ )(_ 362'\/6172—62 - 3\/621_62

1
i) =0

The derivative of the left-hand side of Eq. (39) is equal to
6£,d0,/d¢ at ¢ =¢*. Now by equating the derivatives of the
left and the right sides of Eq. (39), we get

dé, l Kk

¢
— = *1-72 * o
d¢ le=¢> o8 tan2¢ k" (¢ Wn((ﬁ)

Thus, the slope of the inlet will be

dH

Bkl = 2¢ sin2d*
36 oo € sin2¢
—€ cOs2¢* [ﬁ tan2¢*k'2(¢*)en< ! >] 42)
Y )
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From 6, =6—¢ cos2¢, the slope of the cone at ¢=¢* can be
found as

ds,

_d<7 ,=2¢ sin2¢* (43)

$=¢

By comparing Eqs. (42) and (43), we find that the difference in
slope between inlet and cone at ¢ =¢* is given by

( e dd,
de  do

k; !
= — 2¢*—— tan2¢*k’ 2 (d*Yu—
)¢=¢‘ € COs2¢ o8 an2¢ (") 7

(44)

To have a blended inlet, the difference in slope given above
needs to be equal to zero or very small. Except for the condi-
tions set before on the function k(¢), it is still arbitrary. It is
seen from Eq. (44) that the difference in slope between inlet
and cone depends on k’ (¢*). Therefore, to have a blended in-
let, we add to the previous conditions on the function k (¢) the
requirement that k£’ (¢*)=0. From Eq. (12), the order of
magnitude of the function k£(¢) can be found to be

k(¢)=0(15)

Any choice function k(¢) that satisfies all the conditions set
on it will be acceptable. A simple choice is

k(¢) =ad cos? (—2’%) 5)

where a, ¢* are arbitrary constants, and a=0(1).
Summarizing, we have found stream surfaces that intersect
the cone in two lines, ¢ =¢* and ¢ = — ¢*. Those stream sur-
faces are smooth, with no corners, and have the same slope as
the cone surface at the line of intersection with the cone.
The above choice of k(¢) gives a class of inlets of two
parameters a,¢*. The angle ¢* gives the angular width of the
inlet in the cross plane while a determines the inlet thickness

0.30 -
OA
Cp £ o3
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015 a A
0 [ i 1 i
90 135 ¢° 180

Fig. 1a Comparison for the coefficient of surface pressure,
M, =3.09, y=1.4, §=0.2904, ¢/6=0.155. ——Ref. 5 (analytical),
A Ref. 10 (experimental), o Ref. 11 (numerical).
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015 |- & =
0 | | ]
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Fig. 1b Comparison for the coefficient of surface pressure, M, =6,
v=1.4, §=0.2904, ¢/56=0.155. ——Ref. 5 (analytical), A Ref. 10

(experimental), o Ref. 11 (numerical).
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above the cone. By changing «,¢*, the rate of mass flow
through the inlet can be controlled as we shall see in the
following section. It is important to observe that the
parameter a needs to be chosen such that all of the inlet lies
within the shock layer and is attached to the cone over a
reasonable portion fo the rear part of the cone, say, 0.4/~0.5¢.
This we shall do in what follows.

In order that all the inlet lies within the shock layer, a needs
to be chosen such that

8, () <B

J&Z + <@>2cos4( i ) <o
4 2¢*

1

i.e.,

The left-hand side of the above inequality will be largest when
¢ =0. Using this value and simplifying, we get

i1
a<— Va2 1
£

?
a=u(7}> ?—1, pu<l (46)

For p close to 1, the inlet will be attached to the rear part of
the cone behind the section z =14, i.e., the inlet length will be
(f—4£)). It is to be noticed that increasing the width of the inlet
(i.e., increasing a) will decrease the maximum possible length
of the inlet (- ¢;).

In what follows, we find the Newtonian limit of the stream
surface that was found before. We find the limiting value of
each of 0,(¢) and 6, (¢) as y—1 and M, —oo. From Eq. (3a)
it can be seen that 0—1 as y—1 and M, — and from Eq.
(46), a—0. Equation (45) shows that k(¢)—0, and Eq. (28)
shows that 8,(¢) —4. The first term in the right-hand side of
Eq. (39) will approach zero, and we get

1
lim 01(¢)=—T im  [05(¢)~6*1G[8,(9)]

=1, M g~ 0p—5

The limit in the right-hand side of the above equation has been
found before and its value is equal to one. Thus, we get

®(p)—56—ecos2p=0,

i.e., the stream surface approaches the cone surface in the
limit y—1 and M, — o consistent with the Newtonian limit.
This completes the design of the inlet, and we can now draw
figures to show the results of the above analysis.

First we present in Fig. 1 results and comparisons taken
from Ref. 5 for the coefficient of surface pressure. Lee and
Rasmussen® compared their method with Zakkay and
Visich’s!® experimental results and with Martellucci’s!!
numerical calculations, for y=1.4, §=0.2904, ¢/6=0.155. In
Fig. 1a, M, =3.09, and in Fig. 1b, M_=6. It is seen that
although both 6 and e/6 are not quite small, the agreement is
very good. Since the inlets found in this section are the stream
surfaces of the solutions found in Ref. 5, it is expected, in view
of the above comparison, that they would compare well with
other numerical and experimental works. To the authors’
knowledge, such results are not available.

In Figs. 2 and 3, we show inlet cross sections at z/£=0.5 and

at cone base for y=1.4, K6=1.2, and a =0.454, together with
the cone and the associated shock wave. Only the lower half of
the cone and the shock wave are shown. In Fig. 2, ¢* =50 deg,
6=0.1, and ¢/6=0.1, while in Fig. 3, ¢* =60 deg, 6=0.2, and
€/6=0.15. It is seen that the inlet has a very smooth cross sec-
tion and blends very well with the cone surface. Also, by com-
paring the midsection and the section at the base, we see that
the inlet gets closer to the cone surface as we move backward
toward the cone base. This is expected in order to have the
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/\.%

Fig. 2a Inlet and cone at z/f=0.5, 6=0.1, ¢/6=0.1, a=0.454,
¢* =50 deg.

Fig. 2b Inlet and cone at z/f=1.0, §=0.1, ¢/6=0.1, a=0.454,
o* =50 deg.

\
e *\i
/\,¢\

Fig. 3a Imnlet and come at z/{=0.5, §=0.2, ¢/6=0.15, a=0.454,
¢* =60 deg.

T

S
o

Fig. 3b Inlet and cone at z/£=1.0, 6=0.2, ¢/6=0.15, a=0.454,
¢* =60 deg.

same mass flow rate through the inlet. Additional figures and
tabulated results are given in Ref, 9.

In the following section we find the rate of mass flow
through the inlet. As already seen, the maximum length of the
inlet, £—¢,, and inlet thickness controlled by a, are inversely
proportional to each other. Thus £—{; affects the rate of mass
flow through the inlet, although all inlets of lengths that are
less than ¢— ¢, and that are parts of that maximum length will
have the same mass flow rate because the inlet is a stream sur-
face and the flow is assumed to be inviscid.

IV. Mass Flow Rate

In this section we calculate the mass flow rate in the inlet. It
is obvious that the mass flow rate is an important parameter
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Fig. 4 Variation of m/p_, V2 with ¢* and ¢, §=0.2, a=0.545.
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Fig. 5 Variation of ri2/p,, Vo, & with ¢* and ¢, 5=0.1, a=0.545.

because of its direct relation to the waverider thrust force. As
mentioned in the previous section, the maximum length of the
inlet does affect the maximum possible rate of mass flow
through the inlet. The maximum mass flow rate increases as
the maximum length decreases. All inlets derived from the
maximum length one will have the same rate of mass flow.
The geometric parameters a, ¢*, the cone parameters 8, €, and
the freestream parameters vy, M, will all affect the rate of
mass flow, as we shall now see.

Since the flow through the inlet is inviscid and steady, any
cross section z = const can be used to find /2. We shall use the
base section in the following calculations. The fluid velocity in
the direction normal to the base is given by

V,=ucosf—vsind

When the approximations used here are introduced into V,,, it
becomes

V,=uy(0) +ecos2eU(8) —0[vy(0) +ecos2oV(6)]

The order of magnitude of the functions u,, U, vy, V have
been found in Sec III. Using those orders of magnitude in V,

pe

Fig. 6 Variation of ri1/p,, V& with ¢* and a, $=0.2, ¢/6=0.1

and neglecting second order terms in §, we get

V,=1+ecos2¢[U(6) —0V(0)] @7

The density in the flowfield is equal to the density im-
mediately behind the shock wave due to the constant density
assumption used. From Ref. 5 we get the following results
[Egs. (3.14)], which will be needed in the following
calculations:

Po g, +e cos2et

£ =2g cotB(Eo— Z;: )

5

-1 2
&= Y

y+1 * (v+1)K3

Ky=M.8

The rate of mass flow # will be given by

m= S S o, V,dA
B ¢ rH® (146 cosZ¢[U(0)—0V(0)]}
_ZP“VJZSO SW) { (Eo + ¢, COS2HE,) 6 df dé
_ ¢ do [02]00(¢)—e cos2¢01 ()
=2 V“fzgo (&¢ + € cos29E)) 2 Ls—ccos2e

¢* 8o
+20,, Vo2 SO ecos2¢>§0 [6U(8) —6*V(8)1d8 “48)

Terms of order ¢ in the limits of the second integral have been
neglected consistent with the approximations used. Now, let

89 ()
I(¢)_——=Sa [6U(68) —02V(9)]de 49)
Using the above notations in Eq. (48) and dividing through by
e Vo2, we get

m

.
W=So ({10, (#) — € cos268, (9)1?

— (8 —ecos2p)? +2e cos2dl(d) }/ (& + € cos2¢E,))do
(50)
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Formulas for U(6) and V(8) are given in Sec. II. In order to
be able to find I(¢), we first need to write U(#) in a con-
venient from as we have done before for V' (6). Referring to
Eq. (2¢) for U(8), let

~ - X' (B)
=X(B): k2: 4[),3
1 &

(.0 g2
k5=——2—f1k5, k6=COS —B_ ’ k7—?+—3‘

Equation (2¢) becomes

. . 1 1 _ 1
U)= (kl ‘k254+‘2_k7f1>0_2+ (kz +7f1k5k6> 0

5 NG
+Ef1k3\/02 62———- Vksky————— 7

1 1
-T lksoz Cos™ ——’T 1

Further, let

_ 1 - 1
‘k254+7k7f1, K,=k, +—2—f1k5k6
5 1
K351—2f1k3: K,= —Tf1k3k4
1 1
Ks= —"2—f1k5, K¢= "—Z“fl
Thus U(8) becomes
S 62 — &2
U(o)_—+K202+K3 02 62+K4—é—
&
+ K562 cos“—é—+K6 (82))]

Using Egs. (2d) and (51) in Eq. (49); the latter may be written
as

8o () C «/02_52
I(¢)= Sa [TO+ C203+C20\/02—62+C4————5——
o
+C;6° cos*‘—0—+060 dé (52)
where
Cy,=K,—-B,, C2=K2—Bz, Cy=K; -
Cy=K,—B,, Cs=K;—Bs, Cs=Ks

Each of the integrals in Eq. (52) can be easily found. The final
result is

0(¢)
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Having found I(¢) in closed form, s can be easily found
from Eq. (50) by numerical quadrature using a computer.

Results of m/p,, V. 2 vs ¢* for various values of 5, ¢, and «
are shown in Figs. 4-6. It is seen that 7 increases with increas-
ing ¢*, as is expected. Figure 4 shows that riz decreases slightly
when e increases, while Fig. S shows that 72 remains almost
unchanged for ¢* up to 60 deg, then decreases slightly. The ef-
fect of e on ri is seen to be small and less than 5% in all cases.
Figure 6 shows the effect of the parameter @ on the rate of
mass flow. It is seen that # increases significantly when q in-
creases. This result is also expected since increasing a increases
the area of the inlet. The results of #/p, V. vs ¢* at e=0
show a straight-line relation. In this special case, Eq. (50)
reduces to

mo 1
P Voogz EO

1 / ad \2(¢ ) 3p* ad \2
=—|-— S cos* do= —
&, \4 /0 0 20* 8, \4/t
which gives a linear relation between m and ¢*, exactly as the
results illustrate.

¢*
|, ) -140

V.  Concluding Remarks

By use of a simple and systematic approach, the stream sur-
faces of the elliptic-cone flow at zero angle of attack have been
found in closed form and used to design smooth blended inlets
which can be attached to the waverider configuration pro-
posed in Ref. 2. The rate of mass flow through these inlets has
also been found in closed form. The results can be used in the
hypersonic Mach number range for which K6 is 0(1) or larger.

The analysis is based on the assumptions of steady inviscid
flow at the design point of the elliptic-cone flow, with the
basic goal of achieving a high lift-to-drag ratio over a
reasonable range of conditions. It is therefore desirable to
compare the present results with experiment and to establish
the actual performance of these inlets compared with other
designs.

The inlet has been assumed to be very thin so that its
presence does not affect the cone flowfield. Account of the
real situation of finite wall thickness and other disruption of
the flow pattern caused by the combustion process taking
place in the inlet needs to be considered.

The method used here can also be used for the other
waverider configuration given in Ref. 2 derived from circular-
cone flow at small angles of attack and, in general, can be
useful in other similar situations in which stream surfaces of a
flowfield need to be found.
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